We obtain sufficient conditions for the existence of bounded invariant manifolds for certain extensions of dynamical systems on the manifolds.
Introduction
The research of the invariant manifolds of dynamical systems is the subject of many studies (Moze (1962) , Sacker (1969) , Samoilenko (1987) , Samoilenko and Kulik (1990) , Perestyuk and Slyusarchuk (2009) ).
The concept of Green-Samoilenko function of the problem on invariant tori, introduced in the work by Samoilenko (1970) , allowed to set out the perturbation theory of differentiable as well as continuous invariant manifolds from a single point of view. Let us recall some concepts. Mathematics and Statistics (2016) Vol. 3 No. 3 pp. 122-136 123 In addition, let us assume that every solution   (Samoilenko (1970) ), that the system (4) possesses a bounded invariant manifold, determined by the equality  , In case the function (4) is continuously differentiable the identity (5) has to be defined as: 
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where the positive constants 
normalized to the point:
In this case, a function of the form (6) is called the Green function of the problem of bounded invariant manifolds of system (1).
The existence of the Green function (6) allows us to assert, that the system (3) has a bounded invariant manifold (4) for every function
. This manifold can be defined by the integral formula:
Note that estimate (7) for the Green function (6) is equivalent to the estimate
for the auxiliary function
The latter follows from the identity
the matriciant of system (8), which is true for any The question of the existence of the Green function is closely connected with the question of the existence of the extended Lyapunov function that is considered in quadratic forms (Mitropol'skii et al. (1990) ). Such functions can change their sign and degenerate in some points, and their derivative with respect to the system of equations is negative definite. Let us recall (Mitropol'skii et al. (1990) ) that the existence оf non-degenerate quadratic form
the derivative of which with respect to system (1) is negative definite,
provides the regularity of this system, which means that this system has єдину a unique Green function. In case
, the system (1) has no Green function for the problem Ivan Grod / Journal of Applied Mathematics and Statistics (2016) Vol. 3 No. 3 pp. 122-136 125 of an invariant bounded manifolds.
Main Results
In what follows, we will consider the general system of the form
where   Proof. Let us notice (Mitropol'skii et al. (1990) ) that thanks to the existence of the sign- Mathematics and Statistics (2016) Vol. 3 No. 3 pp. 122-136 126 changing Lyapunov function
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, for which an inequality (11) holds, the homogeneous system of the linear differential equations
is exponentially dichotomous on the whole R axis for arbitrary fixed (23) Or (this inequality can also be written as)
the matrix of the orthogonal projection on the subspace
-the matrix of the orthogonal projection on the subspace Grod / Journal of Applied Mathematics and Statistics (2016) Vol. 3 No. 3 pp. 122-136 
where parameter  is chosen according to (23).
Thus for the matrix of design the inequalities
Or having come to the limit
Taking into account the inequalities (19), (20), and the equality (21) for the Green function of the problem of bounded solutions we have For this task we will present 
Hense, on the base of the estimate (8),
Or, taking into consideration the inequality (25),
So for the inequality (17), G is a contraction mapping. That's why, according to a contraction mapping theory [Kolmogorov and Fomin (1972) 
The system (30) is a system of linear diferential equations with bounded on R coefficients, that are dependent on 0 x . This system is exponentialy dichotomic on the axis R, that's why for every m R x , there exists the Green function for the problem of bounded equations that can be represent in the form It is evident from the condition (11) that in case of "little perturbations" of the matrix   
where the constant
Proof. It is easy to make sure that the matrizant
Hence, taking into account the estimate (37), we receive
And this gives us the possibility to get the estimate
Ivan Grod / Journal of Applied Mathematics and Statistics (2016) Vol. 3 No. 3 pp. 122-136 132 Now, taking into account the condition (39) on the base (40), we can confirm that the system has a unique Green-Samoilenko function of the problem on invariant tori
So the system (38) 
Conclusion
In this article using the connection between the Green function of the problem of bounded invariant manifolds and the sign-changing Lyapunov functions, that are defined in terms of quadratic form, we obtain the sufficient conditions for the existence of a bounded invariant manifold for the
